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Abstract. We compute the homotopy groups of the spaces of self maps of Lie groups 
of rank 2, SU(3), Sp(2), and G^- We use the cell structures of these Lie groups and the 
standard methods of homotopy theory. 



1. Introduction 

For pointed spaces X and F, we let niap^(X, F) denote the space of pointed maps from X to 
Y . We take the trivial map * as a base point of map^ (X, Y) . The homotopy groups of function 
spaces have long been studied in homotopy theory. Indeed, \i X — S", then map^(S",y) 
coincides with the iterated loop space ^^Y . Hence the homotopy groups 7r„map^(S", Y) are 
known by the homotopy groups of Y . However, even if the number of the cells of X is small, 
the determination of the group structure of 7r„map^(X, Y) is not easy in general. 

In this paper we study the homotopy groups of the self maps map^(X, X) in the case 
where X is a compact Lie group of rank 2. Precisely, we consider SU(3), Sp(2), and G2- The 
homotopy-theoretic structures of these spaces are well known. In particular, their homotopy 
groups are computed in Mimura-Toda |MT| . and Mimura |Mj . Our results entirely depend 
on their work. 

The homotopy groups of map^(X, X) are closely related to the homotopy groups of other 
interesting spaces. For instance, we have 

(i) We can apply our results to the homotopy groups of the spaces of self-homotopy equiv- 
alences. When X is a topological group, all connected components of map^(X, X) have the 
same homotopy type. Hence we have an isomorphism: 

7r„(aut,(X), Ix) = 7r„map,(X,X) 

where aut*(X) is the space of the based maps of X which are homotopy equivalences. In [P] . 
Didierjean studied the homotopy groups of 7r„(aut*(X)) for rank 2 Lie groups by using other 
methods. Our results in this paper extend some of the results in [D] , 

(ii) Our results in this paper can be used to know the homotopy types of the gauge groups 
G{P)- Generally, for a principal G-bundle P ^ X, 

mapp(X,BG) ~ Bg{P) 

by Atiyah-Bott [AB| . where ma.pp{X, BG) is a subspace of / G map(A, EG) such that / is 
homotopic to the classifying map of P. There exists a fibration as follows. 

G ^ map, p(A, BG) Bg{P) BG, 

where map, p{X,BG) — map^{X, BG) D ma.pp{X, BG). In particular, when X = S", the 
adjoint of the map a is an element of 7r„_imap, (G, G). 
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Finally, we make mention of the homotopy group 7romap^(X, X). This set is considered as 
the homotopy classes [X, X] , and is a group when X is a topological group. In the case that 
X is a connected Lie group of rank 2, 7romap^(X, X) are studied in jAOSi iKOl IMOl lOll 

Now we state our main results in this paper. 

Theorem 1. 



n 


7r„map,(SU(3),SU(3)) 


^„map,(Sp(2),Sp(2)) 


1 


^3 




2 


Z © Za ® Z3 © Zg 




3 


Z4 © Zg © Z^ 


Z2 © Z4 ffi Zg © Z5 


4 


Z4 © Z^ © Z5 


Z © Z2 © Z16 ffi Z3 ffi Z5 ffi Z7 


5 


Z2 © A © Zi^ © Z5 


Z^ 


6 


Z2 © Z^ © Z^ © Z7 


Z| 


7 


Z4 © Zg © z^ © Zg © z'i 


Zg ffi Z32 ffi Z2 ffi Zg ffi Z;^ ffi Z7 


8 


Z2 © Z4 © Zg © Z^ © Zg © Z7 


Z^ ffi Zg ffi Zg ffi Z5 ffi Z7 



Here Z^^ denotes the direct sum of r copies of Z„ , and A is Z2 ffi Z4 or Zg . Hamanaka-Kono 
[HK] proves A = Zg. 

For the exceptional Lie group G2 we obtain the following. 

Theorem 2. 7rimap^(G2, G2) = Z2 ffi Z2. 

Acknowledgement. We thank Professor A. Kono for suggesting the relationship between 
the gauge group theory and our work. We thank also the referee for useful comments. For 
example, our original proof of Proposition 4.4 (4) below has been replaced by more simple 
one. 



2. Preliminaries 

As defined in the introduction, map^(A, F) denote the function space of pointed maps 
from X to Y. We consider map^ (A, Y) as a topological space having the compact open 
topology. We denote by 7r„map^(A, Y) the homotopy group of the component of the trivial 
map. Namely, 

7r„map^(A, Y) = 7r„(map^(A, F), *). 

In this paper we shall identify 7r„map,(A, F) with [E"A, F] by the adjoint isomorphism, 
where S"A = S" AA. 

Recall that if the following diagram is commutative up to homotopy, then we call h an 
extension of h and / a coextension of /. 



W 
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Here Cg = FUg CX is the reduced mapping cone of g, i is the inclusion, and q is the quotient 
map. 

We foUow Toda's notation [T2] for elements of homotopy groups of spheres. 
As is well-known, we have 

SU(3) = U,3e^ e^ 714(8^) = Mva}; 
Sp(2) = S^U^e^Ue^o, ttbCS^) = Zi2{cc;}, uj = ly' + ai{3). 



Let 



- Cn 



■SU(3); 



■a 



■ Sp(2) 



be the inclusion maps. Write i — j o i' . Let 

93:a,3^S^ 9:SU(3)^S*; : S\ 9 : Sp(2) 

be the quotient maps. Let 



■ SU(3) 



■ Sp(2) 



be the canonical fibrations. As is well-known, p ° j — qa- 



Notation 2.1. Given x e [S™C^3 , SU(3)] (resp. x e [E^C^^, Sp(2)];, an extension of x to 
I]"SU(3) (resp. T."" Sp{2)) is denoted by x £ [E™ SU(3), SU(3)] (resp. xe [E™ Sp(2), Sp(2)];, 
that is, X = (E™j)*x. Given z G [S™ S^ SU(3)] (resp. z £ [E™ S^, Sp(2)];, we denote by J 



an e, 



lement of [E™ SU(3), SU(3)] (resp. [E™ Sp(2), Sp(2)]; such that z = (E"i)*(z). 



E™ - 



E" SU(3) ; 



^ SU(3) 



E™Cc^ — i E™ Sp(2) 



E™i' 

E™ 



-Sp(2) 



For any abelian group F and a set of prime numbers P, let F(p) be the localization of F 
at P. Given maps f : X ^ Y and g : Y ^ Z, we usually denote their composition by g o /, 
but sometimes we denote it simply by 5/. 



3. 7r„map,(SU(3),SU(3)) 

The odd primary components of [E" SU(3), SU(3)] are easily obtained from the results in 
since if p is an odd prime, then SU(3)(p) ~ S^^^ x S^p-j (homotopy equivalent). Thus 

(3.1) [E" SU(3), SU(3)](p) = 7r„+3(S^ x s'^)(p) © 7r„+5(S^ x S^)(p) © 7r„+8(S^ x s'^)(p). 
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Hence in the rest of this section we calculate [S" SU(3), SU(3)](2) for n > 1. We use 



n 


TTn SU(3) 


gen. of 2-conip. 


n 


7r„ SU(3) 


gen. of 2-conip. 


1,2,4,7 







12 


Z4 © Zi5 


[a'"] (2K'] = z,A*3) 


3 


z 


i*i'3 


13 


Z2 ©Z3 




5 


z 




14 


Z4 © Z2 © Z21 


[j/g]l/ll, i^fi' 


6 


Z2©Z3 


i^v' 


15 


Z4 © Zg 


[2i5]j/5CT8 


8 


Z4©Z3 




16 


Z4 © Z2 © Z63 © Z3 


[2^5] Cs, WsT^s] 


9 


Z3 




17 


Z2 © Z2 © Zi5 




10 


Z2 © Zi5 




18 


Z2 © Z2 © Zi5 © Z3 




11 


Z4 




19 


Z4 © Z2 © Z2 © Z'i 


[o-"']cri2, K^^sli^ie 



Table 1 : 7r„(SU(3)) 

This is contained in [MTj with the following notation: [x] E 7r„(SU(3)) denotes an element 
such that = x. 

Fist we prove [I]SU(3), SU(3)](2) = 0. By Table 1, we have the following exact sequence. 

[SSU(3),SU(3)](2) [s4u,,e6,SU(3)](2) 

It suffices for our purpose to prove 

(3.2) [S*U^,e6,SU(3)](2) =0. 
By Table 1 we have the following exact sequence. 

(3.3) Z(2){[2.5]} Z2{z.^.'} [s4u,,e^SU(3)](2) 0. 
We use the following theorem |MT[ Theorem 2.1]. 

Theorem 3.1 ([Ml]). Let F ^ X ^ B be a fibration, and d : 7r„(B) ^ 7r„-i(F) the 
boundary operator. Assume that a G 7r„i_|_i(i?), f3 G vr;(S™) and G 7rfc(s') satisfying dao f3 = 
and (3 — 0. For an arbitrary element S G {9a, /3, 7} C T:k+i{F), there exists an element 
e G 7ri^i{X) such that p^e ^ a o and i^,S — e o S7. 

We apply this theorem to the fibration S"^ — * SU(3) ^ S*^ by taking 

a — L^, (3 — 2t4, 7 = ?74, k = 5, I = m = A. 

Indeed this case can be applied, since /3 o 7 = and da — 773 so that da o (3 = 0. It follows 
that for any S G {da,^,^} there exists e G 7r5(SU(3)) such that 

p*e ~ ao T,f3 = 2i5, i*(5 = e o E7. 

In particular we have e — [2L5]. Since {773,214,7^4} ~ {v' ,~v'} by |T21 (5.4)], we then have 

(3.4) 7,;^' = [2^.5] o 775 = r/5 [2t5]. 

Hence by p.3p we have p.2p as desired. 

In order to calculate [S" SU(3), SU(3)](2) for 77 > 2, we recall a result of Browder-Spanier 
|BS) that the attaching map of the top cell of an iJ-space is stably trivial. Hence 

(3.5) e3sU(3) ciS'^U^ee'vs". 
More precisely, we can prove 

Sc/) = Yii' o 1/4^ o r/7. 
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We do not use this equality in this paper. So we omit its proof. We have 

Lemma 3.2. [E" SU(3), SU(3)] ^ 7r8+„(SU(3)) © [C^3+„ , SU(3)] forn>2. 

Proof. If n > 3, then the resuh follows from p.Sp . For n — 2, we have 

SU(3),SU(3)] ^ [E^ SU(3),BSU(3)] 

and the lemma follows also from (|3.5p . 

Hence it suffices for our purpose to determine [C^3+„ , SU(3)](2) for n>2. 
The generators of the 2-components of [S" SU(3), SU(3)] are as follows. 



n 


2- components 


generators 


1 







2 






3 


Z4 ©Zg 




4 


Z4 




5 


Z2 ©Zg 




6 


Z2 © Z4 © Z4 




7 


Z4 ©Zs 


(s7g)*([2/,5] 0^.5^8 ), Mi], 


8 


Z2 © Z4 © Zg 





Table 2 : 2-components of [E" SU(3), SU(3)] 



3.1. [C,;5 , SU(3)]. By Table 1, we have the following exact sequence. 

> [s5u„,e^SU(3)] > Z{[2i5]} Z2{i.iy'} (B Z3 

Hence by ([33) we have [C,,,,SU(3)] = Z{2[2l^}. Thus we obtain 

[S2 SU(3), SU(3)] - Z{2l2l^} © Z2{(E\)*Kr?i]} © Z15. 
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3.2. [C^g, SU(3)](2). By [T2| and Table 1, we have the following commutative diagram with 
exact rows and columns. 



Z4{ [2.51^^5} [C,,,SU(3)](2) Z2{iy} 



Mvl} M'^^o} [c,,,s%) 



Mm} 



By the first and third rows, we have the following results f [KMNSTl Propositions 3.3 and 
3.1]): 



(3.6) 



By the second row, the order of [C,,g, SU(3)](2) is 8. Hence the middle column is short exact 
by dSH). Since 

p,(S3g3)*([265] o ly^) = (S3g3)*p*([2t5] o ^.5) = 2(E=^g3)*i^5, 

we have [C^,, SU(3)](2) ^ Z4 ® Z2. Hence [C^,, SU(3)](2) = Zgji:^}. 

3.3. [a,,,SU(3)](2). By Table 1, we easily see that [C,,^, SU(3)](2) = 0. 

3.4. [C^g, SU(3)](2). By Table 1, we have the following exact sequence: 

> Z2{Mi]} [a,«,SU(3)](2) Z4[2i,]oiy,} - 

This does not split as shown by Hamanaka-Kono [HK| . Hence 







[C^,,SU(3)](2) =Z8{[2t5]oz.5}. 



3.5. [Cjg, SU(3)](2). By Table 1, we have the following exact sequence: 

MM]} My^]} [c,„su(3)](2) > 

Thus tiIqIv^tiI] is or 2[i^|]. To induce a contradiction, assume rjioi'^svi] = 2[i^|]. Then 
2([i^|] oz/11) = (2[i^|]) oi^ii = [v5T]l]oriiooi/ii = since rjiooi/n = by [T2] . This contradicts 
the fact that the order of o vn is 4. Hence 

(3.7) [j^svl] o »7io = 

so that 

[C,„SU(3)](2) =Z4{(S^3)*[l/52]}. 
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3.6. [Cjm, SU(3)](2). The purpose of this subsection is to prove 
(3.8) [ano,SU(3)](2) =Z8{Ml]}. 

By |T2| . Table 1 and (|3.7p . we have the foUowing commutative diagram with exact rows and 

columns: 

(3.9) 



(2) 



'hi 



Z4{[a"']} 



21 '(^1=0 rr, r_///T (S^gs)* 



[C,,,,SU(3)](2) 



[Cr,ioj S^](2) 







By the first row, we have the following result ( [KMNSTl Proposition 3.7]): 

(3.10) [C,,„,S^](2)=Z2{(S7(Z3)>3}. 

We need 



'ho 



^ 



'ho 



^ 



Proposition 3.3. (1) o rjn — 0. 



(2) r [KMNSTl Proposition 3.5]) [C^io,S'](2) - '^ii^^'nl]- 

Before proving this proposition, we prove ()3.8p by using it. By Proposition 13.31 we have 
the following commutative diagram with exact rows and columns. 



Z2{/^3} 



Z2{(E^g3)>3} 



Z4{K']} ^5!^ [C,,„SU(3)](2) Z2{[K5r/i]} 







Z2{a"'} 







Hence [C,,j„, SU(3)](2) is isomorphic to Zg or Z4 © Z2. To induce a contradiction, assume it 
is Z4 eZ2. Then 

[C,,„,SU(3)](2) = Z4{MJ} ©Z2{mII- (S7g3)*[0} 



since p*[i^5??i] generates [C,,!^, S^](2)- We have i,(i;'^ 93)^3 = 2(i;'^g3)* [ct'"] = 2 [i^sJyl]- Hence 
the cokernel of the second i* which is isomorphic to [C^m, S^](2) is Z2 © Z2. This contradicts 
Proposition [3T3] (2) . Therefore we obtain (|3.8p . 

Proof of Provosition \3.Sl The assertion (2) is proved in [KMNSTl Proposition 3.5 (4)]. We 
prove (1) as follows. Since 7711 is of order 2, [z/|] oijn is or 2[a"']. To induce a contradiction, 
assume [i/|] o -qn — 2[a'"]. Then, by [T21 Lemma 6.4] and Table 1, we have 

(3.11) o CTii o ?7i8 = [z/|] o 7711 o ai2 = 2([ct"'] o CT12) 7^ 0. 
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By Table 1, we can write o an = a ■ z^ea + b ■ [ly^rjsfig] (a, b G Z). Then 

'^i'^ll = P*{W5] ° ^ll) = ^ ■ '^5V8lJ'9- 

By |T2| (7.19)], a'l^u — x ■ i^rfJio with x odd. Hence 

1/5 o Scr' o t/]^5 = o x • fg o (Til = i'lfii. 

On the other hand, 1/5 o Scr' = 2{v^a^ by [T21 (7.16)]. Hence o Scr' o 1/15 = 0, since 
27ri8(S^)(2) = by [T2j. Thus i^fo-n = so that b is even and [v^] o an ^ a ■ 1*63. We then 
have 

[j/f] o (111 o 7718 = a • i*(e3?7i8) = a • (77364) = a • (j*?73 o £4) = 0, 
since 1*7/3 £ 7r4(SU(3)) = 0. This contradicts ([3TT|) . Therefore [i^|] o ryn =0. □ 

3.7. [C^ii , SU(3)](2). By Table 1 and Proposition l3.3l fl). we have the following commutative 

diagram with exact rows and columns: 

(3.12) 

Z,{[a"']} ~ 



V12 



p* 
d 



[C,,„SU(3)](2) 







(S«93)* 



[Cj7ii , 



(S«.')* 



The purpose of this subsection is to prove 

(3.13) [C,,,,SU(3)](2) =Z8{[^}, 4.R] = (E«g3)***£'. 

We need two lemmas. 



Lemma 3.4. (1) [a'"] o r]i2 = 0. 

(2) r iKMNSTi Proposition 3.6]) [C,„,,S'] = Z4{p*[^}, 2 • p*[^ = (S8(Z3)*£5. 

Proof. Consider the following commutative diagram. 



^i2(SU(3)) 



7ri2(SU(4)) ^i2(SU(5)) 



V12 



V12 



V12 



Ti3(SU(3))(2) 7ri3(SU(4)) ^i3(SU(5)) 

Here u-^; : SU(fc) SU(/) is the inclusion map. Recall from [Tl[ Theorem 4.4] that 
7ri2(SU(5)) = Zg © Z45. Then the first 13.4^ is bijective and the second 13,4^ is injective 
by [MTj . Since 7ri3(S^) — 7ri4(S^) = by T2 , the first 14^5^ is injective and the second 
*4,5* is bijective. Let g denote a generator of the 2-primary part of 7ri2(SU(5)) satisfying 
i3,5*K'] = 2.g. Then 

T-S.S^VuW"] = '7^2*3,5 Jc^'"] = ^7^2 (25) = 5 ° 27/12 = 0. 
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Hence 7712 [c"'] ~ and we obtain (1). 

Since no precise proof of (2) is in |KMNST] . we give a proof of (2). We firstly claim that 
the second of (|3.12p is surjective, that is, the second d of (I3.12p is trivial. We have 



so that 



dS5 = diz O £4 = 773^4 = £37711 = 77ii£3 



a(S«g3)*e5 = (S^93)*a£5 = (E^g3)*77i*i£3 - 0. 



Of course — 0. Hence the second d of (|3.12|) is trivial, since [C,,ii,S^] is generated by 

(S]«g3)*£5 and 

By [H (7.4)], cr'" 7712 = 0. Hence, by the second row of ((3l^ . the order of [C^ii,S^] is 4. 
To induce a contradiction, assume [C,,ji,S^] — that is, [C,,ii,S^] ~ 'L\{{'il^q'i)* ez,p^[vf\] . 
Then the surjectivity of : [C^^^ , SU(3)](2) [C?7ii,S^] imphes that [C^^^ , SU(3)](2) is gen- 
erated by at least two elements, that is, it must be that [C,,jj , SU(3)](2) — (S^(73)*7*£'} © 
Z4 But this is impossible, since p*(S*(73)*i,£' = {Yj^q-i)*p*it,e' = 0. Therefore 
[Cr,,^ , S'] = Mp*W]} with 2 • =. (S«(73)*e5. □ 

We use the following fibration: 



SU(3) 



G2 



We use notations and results of [Mj freely. By |T2| IM j and Table 1, we have the following 
commutative diagram with exact rows and columns where all groups are localized at 2: 
(3.14) 



(S^3)* 



Z4{a"} - 

d 

Z4{K']} 



'?13 



1)1*2=0 



■Z8{F6}eZ2{£6} 
d 

— ^Z2{ue'} 



0- 



[C,,,,SU(3)]^^^Z4{K']} 



[C,n.,G2] ^^H- Z2 {747.1] }®Z(2) 



Here we have used results of [Mj that 7712(6*2) = 7713(6*2) — 0. We need 



Lemma 3.5. (1) ([M, Proposition 6.3]) dUe — dse — i*s' . 

(2) r |KMNSTI Proposition 3.6]) [C^i2,S^](2) = 'Li{{Tpq:i)*VQ] (B'Li^^pJ^) and 
2-I]p,[^= (E9g3)*£6. 
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Proof. We give a proof of (2), because our notations are different from ones in |KMNST] . 
Consider the following commutative diagram with exact rows: 

I)*2=0 



Me^} ^ [C,,, , S^](2) — 



M^"} M^e} ® Mee} [C^i2, S^](2) '—^ M4} ' 

By Lemma [5^ (2), we have 

(3.15) 2J:p4^] = (E^g3)*S£5 = (S'g3)*£6. 



We have rjl^a" = A ■ vq hy fT2' (7.4)] so that we have the following short exact sequence: 
> Z4{(S9(73)*I76}©Z2{(S993)*e6} ^ [C,n2,S%2) M'^l) ' 



Thus the order of S]p*[i/|] is 4 by p.lSp . and we obtain (2) by the above exact sequence, since 



□ 



(e9z')*Sp4^|] = ^1- 

Proof of (KW- We have 

= dp4i:\3r{Ve + ee) = di^^sYiVe + ee) = d{E\3)*Ve + 2 • 
where the last equality follows from (|3.15p . Hence 

-2 • dJ:p4^] = 9(S\3)*I76 = (S'93)*^6 = i^^sTUe', 

where the last equality follows from Lemma [331 (1). Thus the order of c}I]p,[j/|] is 4. On the 
other hand, 

(SV)*(2 . [^) = 2[i.2] ^ 5^.2 a(sV)*Ep,[^l = (SV)*ai]p.RI. 

Hence there exists an integer x such that 2 • — = x ■ {H^q^yi^e' . Thus 4 • = 

2 • SSp,]^ = {Y.^q3)*i^e'. Therefore the order of is 8, and we obtain jSH]). 



4. 7r„map,(Sp(2),Sp(2)) 

In this section we compute 7r„map,(Sp(2), Sp(2)). Let / : ^ S'^U^^e^ be the attaching 
map of the top cell of Sp(2), that is, Sp(2) = S'^ U^^e'' U/ e^°. The double suspension of / is 
trivial, that is S^/ = 0, because S^/ is an element of the homotopy group 7rii(S^ Us2i^e^) 
which is isomorphic to the stable group, while / is a stably trivial element by [BSj . Thus we 
obtain 

I]2Sp(2) ~s'Us2^e9vs''. 
The p-components of the homotopy groups for p > 5 are easily obtained from the results in 
[T2] . since if p > 5 

Sp(2)(p) ~ Sfp) X S[p) 

and thus for n > 1 

(4.1) [E" Sp(2), Sp(2)](p) - (7r„+3(S' x s") ® 7r„+7(S' x s") © ^„+io(S' x s")). 
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Hence we must compute 2 and 3 components of [S" Sp(2), Sp(2)] for n > 1. The following 
table shows the generators of 2 and 3 components. Here we use the same notation as before. 



n 


2, 3- components 


generators 


1 


n 


Eg*i*e3, 1,773 


2 






3 


Z2 © Z4 © Zs 


(773^4), E^g*([i/7]t/io), i;''^(73*[j^7] 


4 


Z © Z2 © Z16 © Z3 


3[12t7], S4g3*j^£3, S\*[2a'], E4g%,a3(3) 


5 


Z3 


Y.^q*[a'r]i4\, S5g3*z,^3, S5g3*i4773e4) 


6 


z| 


S^9*([^''7l4] ?7i5), S'^g*([l/7] S6^3*([l.7] o I^ip), £693*7, (7?3/X4) 


7 


Zg © Z32 © Z2 © Zg 


EV(Ho'Tio), 2K], 2-2H -2-S7g3*[2a'], i,a2(3) 


8 


Z3 © Zg © Zg 


E«g*7,e-3, 7::i^, S^-Za* [cT'7714] , S^g* [C7] , S^g* [a^(7)] 



Table 3: 2 and 3 components of 7r„map^(Sp(2), Sp(2)) 

Here z is an odd integer. 

As in the SU(3) case, we obtain the following lemma. 

Lemma 4.1. [E" Sp(2), Sp(2)] = 7rio+„(Sp(2)) © [Cs-^, Sp(2)] forn>l. 

Proof. The proof is similar to that of Lemma 13.21 □ 



Hence it suffices for our purpose to determine [Cs-t^, Sp(2)](2.3), the 2 and 3 components 
of [CE"a;, Sp(2)], for n > 1. We use the following results of Mimura-Toda [MTj . 



n 


TTn Sp(2) 


gen. of 2, 3-comp. 


71 


TVn Sp(2) 


gen. of 2, 3-comp. 


1,2,6,8,9 







12 


Z2 ©Z2 


7,/73, 7,7?3e3 


3 


z 


7*t3 


13 


Z4 eZa 


[1^7] Uio, 7,7?3/X4 


4 


Z2 


7*773 


14 


Z16 © Z3 Z35 


[2a'], i,Q3(3) 


5 


Z2 




15 


Z2 


[o-'77l4] 


7 


z 


[12t7] 


16 


Z2 © Z2 


[ct'7;i4] 771s, [1^7] l/fo 


10 


Zg © Z3 ® Zs 


[1^7], 7,02(3) 


17 


Zg ©Zs 


[ur] aiQ 


11 


Z2 


7, £3 


18 


Zg © Z2 © Zg © Z35 





Table 4 : 7r„(Sp(2)) 
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4.1. [Csnoj, Sp(2)] {n = 1,2). By the cofibration sequence and Table 4, it is easy to see that 

[Csc.,Sp(2)] =Z2{z*77j}, [Cs2^,Sp(2)] =Z2{z,(?73oI]77j)}. 

4.2. [Cs3^, Sp(2)]. By Table 4, we have the following exact sequence. 

(4.2) Z{[12t7]} Zs{W7]}®Mi*M3)}®Z5 > [Cs3^,Sp(2)] > 0. 

Lemma 4.2. {J:^uj)*[12l7] = i*a2(3). 

Proof. It is known that S'^o; = 21^7 + ai{7). Let p : Sp(2) be the bundle projection with 

fibre S^. Then ]3*([12i7] o 2//7) = 0, and hence [12t7] o 2t/7 = by Table 4. Next consider the 
composition [12^7] o q;i(7). We apply Theorem 13.11 to the fibration p : Sp(2) — > by taking 
a = 4i7, /3 = Sig, 7 = q;i(6). Then we obtain 

(4.3) [12/,7]oai(7) =i,a2(3). 

Hence (E'*cj)*[12i7] = z*a2(3) as desired. □ 
Consequently, by (|4.2p we obtain 

[Cs3.,Sp(2)](2,3) =Z8{(S-^g3)*K]}. 

4.3. [Cy^4^, Sp(2)]. By Table 4, we have the following exact sequence. 

> Mi*e3} [Cs4^,Sp(2)] Z{[12t7]} Z120 

By LemmalTl Ker(I]''tj)* = Z{3[12t7]}. It follows that 

[Ce4.;,Sp(2)] = Z2{(SV)*«*e3} ® Z{3lT2^}. 

4.4. [Cs5^,Sp(2)]. By Table 4, we easily have (S^gs)* : 7ri2(Sp(2)) = [Cs^o;, Sp(2)]. Hence 

[Cs5^,Sp(2)] ==Z2{(S^g3)*i*/^3} ©Z2{(S'g3)***(?73e4)}. 

4.5. [C-^G^, Sp(2)]. By Table 4, we have the following exact sequence. 

Z8{H}®Zi5 Z4{K]oz.io}®Z2{i.773M4} [C7Ee^,Sp(2)] . 

Hence we obtain 

[Cse^, Sp(2)] = Z2{(E6g3)*H o z^io} ® Z2{(S^3)*»*(??3M4)}. 
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4.6. [Cs7j^, Sp(2)]. By Table 4, we have the following exact sequence: 

^ Zi6{[2a']} ® Z3{i,a3(3)} ^'''4='^* [Cs^^, Sp(2)](2,3) Z4{2H} ® Z3{i,a2(3)} ^ 0. 

We shall prove 

(4.4) [CsT^,Sp(2)](2) =Z32{2H}© 22(2. 2Kl-z.(S^g3)*[2a']}, 2 = 1 (mod 2), 

(4.5) [Cs^c., Sp(2)](3) = Zs{i:^}. 

we have the following commutative diagram 



Firstly we prove (|4.4p . By Table 4 and 
with exact rows and columns: 



(4.6) 



Zi6{[2a']}>- 



Zs{a'}> 

d 

Z4{e'}©Z2{?73A*4}>- 



[Cs^c.,Sp(2)](2) 



[Cs7i^, S'^](2) 



■Z4{2K]} 
p* 

^ ZsIz^t} 



[Cs6t^, S^](2) 



^8{[i^7]} ^— i Z4{[l/7] o I/io} © Z2{i*773/-i4} > [Cset^, Sp(2)](2) 

We claim that the second row splits: 

(4.7) [Csr^, S"](2) = Z8{gV'} © Mt^}- 
This is done as follows. By [T2| . we easily have 

(4.8) [Cs3^,S'](2) =Z4p} 
and the following exact sequence: 







Z2{a"'} 



[Ce^w, S''^](2) 



0. 



Sincei*(2.-pg--I]2iy') = 0, we can write 2.j7g--^E2j^' = c-gV" (c e Z). Then 4.Fg--2-I]2j/' = 
so that the order of 7^ is 8, since i*{2 ■ T.'^i/') = Av^ so that the order of 2 • T^v' is 2 by ()4.8|) . 
Define := S^TTH". Then the order of is 8, for the order of i*{p7) = V7 is 8. Thus we obtain 
611). 

In gH), we have i*£' = 2H o t/io = (E'^w)*[z^7] by [MT] . Hence da' = 2e', i*g*e' = 



(4.9) 



Hence the kernel of the second of (|4.6p equals to Z4{q*e'}. This kernel equals to the image 
of the second d of (|4.6p . Hence 



(4.10) 



by ((47)) and (|49)) . We have i*(2-h^ - P*2[i^7]) = so that we can write 
(4.11) 2-P7-p*2[^ = a-(7V (a £ Z). 
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We then have 

2a-q*e' ^d{a-q*(7') (by gU) 
= 2 • q*e' (by Km . 

Hence 2a = 2 (mod 4), that is, a is odd. It follows that, by multiplying 4 with (|4.1ip . we 
have 

4-q*a' = -A-pj2\^]. 

On the other hand, we can write 

(4.12) 4.2H =yg*[2a'] (y £ Z). 
Hence we have 

4-gV' = -yp,q*[2a'] = -2ygV'. 
Hence —2y = 4 (mod 8), that is, 

(4.13) y = 2 (mod 4). 

Thus the order of 4 • 2[v'j\ is 8, that is, the order of 2[v-;] is 32. Also the order of 2 • 2[v'f\ — 
(y/2) • q*[2cj'] is 2. Therefore we obtain (|44l) by the first row of (|46l) . 
As a byproduct of (|4.13p . we have 

Corollary 4.3. [v-j] o rjio = i^Sz S 7rii(Sp(2)) = Zajz^es}. 

Proof. Since indeterminacy of {2[i^7], 2i^io, 4ti3} is 4 ■ 7ri4(Sp(2)), we can write 

(4.14) {2K], 2Z/10, 4ti3} = X ■ M + 4 • 7ri4(Sp(2)). 
Let ip'' : Sp(2) ^ Sp(2) be defined by ^''{A) = A*^. We have 

V'2o{2H,2z/io,4ii3} C {4[i/7], 21/10, 4ii3} C {K], Si^io, 4^13} = 4^i4(Sp(2)). 

Hence 2j;[2cr'] G 47ri4(Sp(2)) = 'Li{-i[2a']] © Z105 by Table 4. Thus a; = (mod 2). On the 
other hand 

(4.15) {2H,2i/io,4/,i3} = {[j/y], 41/10, 4ti3} = { K] , ?y?o - 4ii3 } - {K] ° ^710, ?yn, 4ti3}. 

To induce a contradiction, assume [j/y] o rjio = 0. Then {2[z^7], 2i/io, 4ti3} = 47ri4(Sp(2)) by 
(|4.15p and a; = (mod 4) by (|4.14p . We then have 

= 4- (2[^'7] o 4t^) = 1/''^ ° 2M ° 4t]^ = (4 • 2H) o 4Z^ 
= (yq*[2a'])o4Zr3 (by 613) 

= o [2cr'] o 9 o 4^ o [2cr'] o 4ti4 

= 4y[2a'] 

Thus 4?/ = (mod 16), that is, ?/ = (mod 4). This contradicts (|iT^ . □ 
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Next we consider the 3-primary part of [C^t^, Sp(2)], that is, we prove ()4.5|) . First we 
remark that 

[Ce^^,Sp(2)](3) - [C„,(io),Sp(2)](3). 

Hence it suffices to prove 

[Cai(lO), Sp(2)](3) = Zg. 

We shall prove this as follows. 

Proposition 4.4. (1) {ai(5), ai(8), Sm} = {Stg, ai(5), ai(8)} = 2a2(5) + 37ri2(S^). 

(2) I o a3(3) = [12t7] o a2(7) G ^io(Sp(2)). 

(3) [Cqi(io).Sp(2)](3) = [Cqi(io),S^](3)- 

(4) [C„,(10),Sl(3) =^9. 

Proof of Proposition \4.4\ (!)■ It follows from |T21 Proposition 1.3] that 

E°°{ai(5),ai(8),3tii} C (ai,ai,3}, S°°{3i5, ai(5), ai(8)} C (3,ai,ai), 

S]°°{ai(3),3t6,a2(6)} C (ai,3, 02). 

We use following relations T2, (3.9)]: 

(ai,ai,3) - (q!i,3, ai) + (3, ai,Q;i) 9 0, 

(ai,ai,3) = (3,ai,ai). 

Let A G (Q!i,ai,3). Since (ai,3,ai} = a2 and Indet(ai, ai, 3) = SGj, it follows from 
(|47T6l) that 2A - 0:2 + 3G7 9 so that A G 2a2 + 3G7, since G7(3) = Z3{a2}, where Gfc 
denotes the fc-th stable homotopy group of the sphere. Hence (ai,Q;i,3) = 2a2 + 3G7. 
Since : 7ri2(S^) = Z3{a2(5)} © Zio G7 is injective and Indet{ai(5), ai(8), 3tii} = 
Indet{3t5, Q!i(5), ai(8)} — 37ri2(S^), it follows that 

2q2(5) G {ai(5), ai(8), 3tii} n {3^5, ai(5), ai(8)} 

so that {ai(5),ai(8),3iii} = {3t5, ai(5), ai(8)} = 2a2(5) + 37ri2(S^). □ 

Proof of Proposition \4-4\ (2). We can apply Theorem 13.11 to the fibration Sp(2) S^ by 
taking a = 4t7, /3 = 3t6 and 7 = a2(6). Indeed, we have /307 = and daofj = ai(3)o3t6 — 
since di-; = uo = i^' + ai(3). Hence we can use Theorem 13.11 in this case. Therefore there 
exists e G 7r7(Sp(2)) such that = 12t7 and i*(a3(3)) = e o a2{7) so that e = [12t7] and 
«*(a3(3)) = [12i7]oa2(7). □ 

Proof of Proposition \4-4\ (3)- By |T2| and Table 4, we have the following commutative 
diagram with exact rows. 

> Z3{z,a3(3)} > [G„,(io),Sp(2)](3) > M^*(^2{3)} > 

|[12t7]. |[12t7]. |[12t7]. 

> Z3{a2(7)} > [G„,(io),Sl(3) > Z3{ai(7)} > 0. 

It follows from (|4.3p and Proposition 14.41 (2) that the first and the third [12^,7], are iso- 
morphisms so that the second [1217], is also an isomorphism. Hence we obtain Proposi- 
tion EH (3). □ 

Proof of Proposition \4-4\ (4)- We shall prove the following: 



[Cai(lO), S''](3) — [Cai(9), S''](3) = [Cai (8) , S^] (3) — Z9{ai(5)}. 
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By jT2| and the fact ai(5) o ai{8) = ( |T2| (13.7)]), we have the following commutative 
diagram with exact rows. 

> Z3{a2(5)}©Zio [Cc,(8),S^] Z3{ai(5)}eZ8 > 



Z3{a2(6)}©Z2o [C„,(9),S^] Z3{ai(6)}eZ8 . 



^ Z3{a2(7)}©Z4o [C<,,(io),Sl Z3{ai(7)}eZ8 > 

Here g' : Cq,j^(3) — > is the quotient and i" : C^ai{3) is the inclusion. By the EHP- 

sequence ([T2l (2.11)]), we know that two E's in the first column are monomorphisms. Hence 
two S's in the second column are also monomorphisms. Thus suspensions induce 

[Cqi(8), S^](3) - [Cai(9), S''](3) - [Cq^ (lo) , S'^] (3) • 



Since S(3q;i(5)) — S(3t5 oq;i(5)), it follows that 3ai(5) = 3t5 oai{5). We have 



3i5 o ai(5) e {3i5,ai(5), ai(8)} o S^^' (by [T2l Proposition 1.9]) 

= (2a2(5) + 37ri2(S^)) o S^g' (by Proposition |11](1)) 

Hence we can write 

3ai(5) = 3t5 oai(5) = S^g'* (2a2(5) + x) , 10a; = 0. 



Thus the order of q;i(5) is a multiple of 9. Therefore [Cq,j(8), S^](3) — Z9{q;i(5)}. This 
completes the proof of Proposition 14.41 □ 



4.7. [Cj:b^, Sp(2)]. Since E™cj = 2i^„i+3 + ai{m + 3) for m > 2, we have 

(S9^)*^i2(Sp(2)) = 0, (I]8w)*7rn(Sp(2)) = 
by Table 4. Hence we have the following commutative diagram with exact rows. 

> M[<^'vu]} [Cs«.,Sp(2)] Z2{^.£3} 



Z2{a'r7i4}®Z2 [Cs8^,Sl 



Thus we easily have 



[Css^,Sp(2)] =Z2{(S«g3)*kV4]} ©Z2{z,£i} 



5. 7rimap,(G'2,G2) 

In this section we shall compute [SG'2, G2] (— 7''imap,(G2, G2)). As in the subsection 3.7, 
we use the fibration 

SU(3) G2 S^ 

and the following results from |M) . 
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n 




gen. of 2-coinp. 


1,2,4,5,7,10,12,13 







3 


Z 




6 






8 


Z2 


ivl) 


9 




iVe) ° % 


11 


ZeZa 


(2A/,i3),i,[i^|] 


14 


Z168 ® ^2 


(1^6 + e6),«*[t'5] i^ii 


15 


Z2 


{ve + eg) 7?i4 



Table 5 : 7r„(G2) 
In the Table 5 we follow the notations in [Mj . 

As is well-known, G2 has the cell structure: 

G2 = Ue^ Ue^Ue^Ue^U e" U e". 
Let G^"' denote the n-skeleton of G2. Let M" = C2,^_, = S"~^ U2t„_ie" for n > 2, and 

be the inclusion and the quotient map, respectively. Remark that EM" = M^~^^. Then there 
exist the cofibrations as follows. 

(5.1) ^ G^ ^ ^ M^ 

(5.2) Gf ^ G^'^ ^ i EGf . 
From ()5.ip we obtain [MS, Lemma 3.6]: 

Lemma 5.1 ([MS])- pG^*'\ G2] = 0. 
Next we shall show the following. 

Lemma 5.2. S7r2* : [M^°,G2] — > [EG2^\ G2] is an isomorphism. 

Proof. From LemmaOit suffices to show that (EiJ)* : [E^G'^s)^^^^ ^ [EA/^ G2] is trivial. 
By Table 5 we easily have 

(5.3) [EM^G2]=Z2{(7?6'>°W}, i^i9n{ri)om)^{vl)om 
and 

7r8(G2) [E2Af6,G2] [E2g(^\G2]. 

Hence it suffices to to prove the following equality: 

(Ei9)*(E5)*(EVi)*(E2ge)*(%2) = 0. 
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We shall prove this by showing 

(5.4) S^gg O Y?TTl O O Slg = e ^9(S*^) - Z2{7/8}. 

By [Mu] , we have the following results. 

(5.5) [Mio,^«] =Z4{W}, 277^=r;|ogio, 

(5.6) [Afio,M8] Z3. 

We have 2(S27ri o E(5) = by (ESU- Hence it follows from ([53]) that S^gg o S^tti o is 



divisible by 2. Thus ((O)) is established. □ 
Next we shall show that 

Lemma 5.3. (1) The induced map 

is an isomorphism, where ig.ii ■ 0^2^ ^2^^^ is the inclusion. 
(2) pG^"' , G2] = Z2 { o Tfc o EttT} . 

Proo/. The assertion (1) follows from 7ri2(G2) = ([M]) and [MS| Lemmas 3.9 (i) and 3.11] 
using the cofibration 

The assertion (2) follows from (1), (|5.3p and Lemma [5.21 □ 
Let / : S^'^ ^ G^2^'' denote the attaching map of the top cell of G2. 

Lemma 5.4. There exists the following short exact sequence. 

(5.7) > Z2 > [EG2,G2] > Z2 > 



Proof. In the exact sequence induced by the cofibration G^2^'^ C G2 

(5.8) [e2g("),G2] ^^7ri5(G2) ^ [EG2,G2] [EG("\ G2] ^ ^i4(G2) 

(E/)* is trivial by jMSl Lemma 3.13]. Here q : G2 ^ S^* is the quotient map. We show that 
(E^/)* is also trivial. To prove this, first we recall that 

7ri5(G2) = Z2{(i>6 + £(,) ° ilii] 

from [M]. Here (S-e + ee) is an element of 7ri4(G2) such that p*(p6 + se) = Dq + eq by the 
bundle projection map p : G2 — > S^. By |T2|, Lemma 6.3, Theorem 7.2], {uq + eg) ° ?/i4 is 



HOMOTOPY GROUPS OF THE SPACES OF SELF-MAPS OF LIE GROUPS 19 

stably nontrivial and so is {Pq + ee) ° ?7i4- On the other hand, the attaching map / is stably 
trivial by [BSj . This means 

Im = 

in (|5.8p . Thus by (|5.8p . Lemma [5T^ and Lemma [5T51 we obtain the result. □ 
Theorem 5.5. 

Proof. By Lemma l5.4[ [SG2, G2] is isomorphic to Z2 or Z4. To induce a contradiction, assume 
that it is isomorphic to Z4. In this case, by Lemma [5.31 (2) and the proof of Lemma [5.41 we 
have 

2 iVe) ^^2 = {ve + ee) o 7714 o Sg. 

Let ^ : {EG2,G2} ^ 7rf5(G2) be a left inverse for : 7rJ5(G2) ^ {EG2,G2}. It exists, 

because = 0. Here = lim„^oo[S"^, and <(X) = {S",^}. We then have 

2 o £(E~(r72)o^oI]^2) = o£(2S°°(77|) 077^ 02712) 

= o£oE°°g*((P + e) 0,7) 

= (P + e)77 

Note that the element 2i;°°p, o£(^I]°°(^2y^7^^— trivial since 7r|(5") 5^ ([H]). This 
contradicts rj'^cr ^ ( |T2j ). Therefore, the short exact sequence (|5.7p sphts and we obtain 
the result. □ 
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